The first two successful predictions for amorphous solid experiments by tunneling-two-level system (TTLS) was phonon echo 17 and saturation 18 phenomena. In this paper by generalizing TTLS to infinite-level-system model with certain randomness and nonlinearity, we prove that phonon echo is a stimulated emission process. The classical infinite-level-system (taking → 0 limit) cannot find saturation effect, while quatum infinite-level-system can find it with certain nonlinearity assumed. We also prove that without randomness or nonlinearity neither phonon echo nor saturation exists in arbitrary infinite-level-system.
The original experiment of phonon echo phenomena is to plug in two short ultrasonic pulses with identical frequency f ∼ 0.68GHz 17 and a time delay between them τ ∼ 0.3 × 10 −6 s. After the reflection of sample's boundary, we observe two reflecting signals. However, after the second pulse with a time delay of τ we observe a third one with the same frequency f . This spontaneously generated pulse which was later referred to as "phonon echo" cannot be observed in crystalline solids. Phonon echo experiment is similar to spin echo 21 , in which we plug in two magnetic pulses to precess a set of spins. Such a spins system will spontaneously generate a huge magnetic signal following the second input magnetic pulse with the magnitude comparable to it. Phonon echo can be automatically explained within TTLS model by making analogy to spin echo effect, because both of two-level-system Hamiltonian and the coupling between two-level-system and phonon strain field can be represented by Pauli matrices. D. A. Parshin and his collaborators [22] [23] [24] has derived a complete theory beyond two-level-system, that for an arbitrary multiple-level-system with randomness and anharmonicity, one can always obtain phonon echo phenomena. In this paper by setting up the coupling btween stress tensor and phonon strain field, we prove that phonon echo essentially comes from off-diagonal matrix elements of stress tensor operators in the basis of glass non-elastic part of Hamiltonian. In addition, we prove that the mechnism when phonon echo occurs is stimulated phonon emission process rather than spontaneous emission process which explains why echo signal is comparable to input ultrasonic pulses.
Saturation experiment 18 is to plug in two phonon pulses. Unlike phonon echo, the first "saturating pulse" is much stronger than the second "testing pulse". The second testing pulse is plugged in with a time delay much smaller than thermal relaxation time of TTLS. Since the energy level structure of amorphous solid is the summation of long-wavelength phonon modes and a set of TTLS, putting in a strong "saturating pulse" will saturate these two-level-systems, resulting in the large decrease of attenuation α = l −1 , implying that the phonon absorption ability is saturated by the first strong pulse. Within TTLS model energy eigenstates can go no more than first excitation so that saturation effect is automaticallly proved. In this paper we demonstrate even for infinite-level-system we can still find saturation effect.
The paper is organized as follows: in section 2 we develop our infinite-level-system by expanding amorphous non-elastic Hamiltonian in orders of strain field e ij ; in section 3 we prove that phonon echo only occurs when stimulated emission process happens. We compare different cases and demonstrate randomness and nonlinearity are necessary for phonon echo, while for an arbitrary system without randomness or nonlinearity phonon echo never exists; in section 4 we prove not only for finitelevel-system but also for quantum infinite-level-system, phonon saturation can be found with the presence of nonlinearity, while for classical infinite-level-system (with → 0 limit) we can never find saturation phenomena. In conclusion phonon saturation is a result of quantum physics. With these results we can roughly describe the energy structure of amorphous solid Hamiltonian.
II. THE SET UP OF INFINITE-LEVEL-SYSTEM
Due to TTLS theory, the amorphous solid Hamiltonian is the summation of elastic (phonon) Hamiltonian, a set of tunneling-two-level-systems and phonon-TTLS couplings 20 . Because we are interested in TTLS, usually we omit phonon part Hamiltonian. In the basis when TTLS is diagonalized, the Hamiltonian for amorphous solid is written aŝ
where e is phonon strain; σ 1,2,3 are Pauli matrix representations; E( x) = ∆( x) 2 + ∆ 0 ( x) 2 is the TTLS energy splitting, where ∆( x) and ∆ 0 ( x) are TTLS diagonal and off-diagonal matrix elements at position x. For different positions x they are randomly distributed; D( x) = ∆( x)/E( x) and M ( x) = ∆ 0 ( x)/E( x) are diagonal and off-diagonal matrix elements of TTLS-phonon coupling; γ( x) is the coupling constant between TTLS and phonon strain which is also randomly distributed over space x.
Since the Hamiltonian is written in the representation of spin operators, one can easily prove "phonon echo" by making analogy to spin echo effect which was first observed by Hahn 21 . On the other hand TTLS can go no higher than first excitation, Jäckle 16 pointed out that phonon energy absorption per unit time is maximized when TTLS ground state and first excitation population are equally distributed with P 0 = P 1 = 1/2. Because for an arbitrary two-level-system with certain randomness in their matrix elements echo effect always exists, and for an arbitrary finite-level-system one can always prove saturation phenomena, in this paper we are interested in proving them in arbitrary infinite-level-system. Let us consider a block of amorphous solid with the dimension L much greater than atomic distance a ∼ 10Å. The elastic strain e ij ( x, t) is defined as the spacial derivative of displacement u( x, t) for the matter located at x:
By subtracting elastic part of amorphous Hamiltonian, we writeĤ to stand for the non-elastic part Hamiltonian of it. We expand it in orders of elastic strain e ij ( x, t) in long wavelength limit L λ a:
where the definition of stress tensorT ij ( x) is the first order derivative of Hamiltonian with respect to strain fieldT
The matricesT ij ( x) andĤ 0 ( x) are generalization of TTLS operators. Since the stress-strain interacting term e ijTij contains phonon field e ij , the exchange of virtual phonons will give an effective RKKY-type interaction via stress tensor products 3 :
where the coefficient Λ ijkl ( x − x ) was first derived by Joffrin and Levelut 3 . A further detailed correction to this coefficient was given by D. Zhou and A. J. Leggett 27 :
where n is the unit vector of x − x , and i, j, k, l runs over 1, 2, 3 cartesian coordinates. We name Eq.(2.5) non-elastic stress-stress interaction. Finally, for dielectric amorphous solids, electric dipole-dipole interaction should be taken into account as well:
In the rest of this paper we always use the approximation to replace x− x by x s − x s for the pair of the s-th and s -th blocks, when x s denotes the center of the s-th block, and that
ij is the uniform stress tensor of the s-th block. Also, from now on we use e (s) ij (t) to denote the phonon strain field e ij ( x, t) located at the s-th block. By chopping a L×L×L amorphous block into identical unit blocks with
The many body interactionV +V dipole may complicate echo and saturation problems: a "Heiserberg"-like behavior might be taken into consideration, leading to the decohenrence of echoing phonons' phases. However, due to A.
Morello, P. C. E. Stamp and I. S. Tupitsyn's argument 26 that as long as the many body interactionV +V dipole the off-diagonal matrix elements of multiple-level-system HamiltonianĤ (s) 0 , many body interaction decoherence will be small enough not to affect multiple-level-systems' wavefunction phase coherence. To estimate the many body interaction strength of multiple-level-system versus the off-diagonal matrix elements of it, we use TTLS parameters' order of magnitude as follows:
(1) To contribute to thermal properties of amorphous solids around T = 1K, off-diagonal matrix elements of H off-diagonal matrix elements 10 −4 eV. Other amorphous solids' electric dipole interactions are even smaller.
In conclusion, many body interactionV +V diople decoherence is not strong enough to affect the wavefunction coherence of mutiple-levelsystem.
In the rest of this paper we neglect many body interaction and focus on Hamiltonian
We define |n (s) and E
(s)
n to be the n-th level eigenstate and eigenvalue for HamiltonianĤ ij is not diagonal in the basis of |n (s) . In the rest of this paper we writeĤ 0 ,T ij , e ij (t) and |n to stand forĤ
ij , e (s) ij (t) and |n (s) for convenience. Within the first order expansion in e ij (t), the amorphous solid Hamiltonian is free partĤ 0 perturbed by time-dependent term e ij (t)T ij .
III. MICROSCOPIC EXPLAINATION FOR PHONON ECHO
The original phonon echo experiment by Golding and Graebner 17 has several time scales: (1) tunneling-twolevel-system relaxation time T 1 , which is now the relaxation time for a certain pair of energy levels |n and |m in resonance with phonon pulse ω = E m − E n :
−4 s at temperature T = 20mK. We should note T = 20mK is the starting temperature of "linear temperature dependence of heat capacity of amorphous solid" 20 , which implies the TTLS (infinite-levelsystems) have taken part in phonon echo process; (2) characteristic thermal phonon frequency ω T , obtained by ω T = k B T ⇒ ω T ∼ 2GHz, the period is of order 3 × 10 −9 s; (3) input ultrasonic phonon pulse frequency ω = 0.68GHz with exponential decay rate τ 0 = 10 −7 s. The frequency is roughly the same order of magnitude as thermal phonon frequency; (4) the time delay between second and first phonon pulses: τ = 0.3 × 10 −6 s. These time scales in orders, thermal relaxation time T 1 time delay between two pulses τ pulse decay rate τ 0 pulse period 2π/ω. For convenience we plot their relation in the next page. Thermal relaxation time is much greater than the time scale of phonon echo process so we don't need to consider it; two-pulse time delay τ is the next greatest time scale, which means when the second pulse is applied, the first (exponentially decay) pulse has already faded away; pulse decay rate τ 0 is much greater than ultrasonic period 2π/ω, which means the external two pulses oscillate enough times (roughly ∼ 100 times) before they decay, therefore Fermi golden rule is valid in our problem. Neverthless, pulse decay rate τ 0 brodens the absorption frequency bandwidth so that the previous absorption function δ(
. This will play an important role in the realization of phonon echo effect.
FIG. 1. Two phonon pulses with time separation τ pulse decay rate τ0 pulse oscillation period 2π/ω; these two pulses have identical frequency ω, while their amplitude and decay rate τ0 are not necessarily the same.
Using the above data analysis let's solve timedependent Schrodinger equation and calculate the transition rate C mn between n-th and m-th level forT ij :
where ω mn = ω m −ω n = (E m −E n )/ , the energy spacing between n-th and m-th levels; θ is the starting phase of phonon pulse. In later discussions we always use C mn and C nm to represent the transition rate between m-th and n-th levels. In experiments there could be more than one pair of levels in resonance with ω, however the calculation and analysis are the same as single-pair resonance case. We choose the first pulse plugging in time to be t = 0. At t < 0, infinite-level-systems are in thermal equilibrium with temperature T = 20mK. Therefore for the n-th eigenstate of infinite-level-system, the wavefunction is |n, t = a n e iωnt+iθn |n , where θ n is the initial thermal random phase and ω n = E n / is the energy eigenvalue. At t = 0 the first ultrasonic pulse is plugged in with frequency ω and decay rate τ 0 . After the first pulse is fully applied (for example, at time t > 5τ 0 ) the wavefunction for n-th and m-th levels are given by |n, t = a n (1 − C
(1)
mn )e iθm + a n C
where C
nm is the transition rate from n-th level to mth level due to the first ultrasonic pulse. At t = τ a second pulse is plugged in. After the second pulse is fully applied, t > τ + 5τ 0 the wavefunction for n, m-th levels are
mn e iωmτ +iωn(t−τ ) |n
nm e iωnτ +iωm(t−τ ) |m
For other eigenstates not in resonance with external pulse, their phases with quantum number p are Θ p = ω p t + θ p . Throughout the entire experiment, infinitelevel-system eigenstates spontaneously emit phonons under the influence of perturbation e ij (t)T ij . However since thermal relaxation time is much greater than any other time scale we can hardly observe any spontaneous emission signal. From the previous Eq.(3.3), the m-th state wavefunction has four components, their phases Θ * m are Θ * m = θ m + ω m t, θ n + ω m t, θ n + ω n τ + ω m (t − τ ) and θ m + ω n τ + ω m (t − τ ). Similarly the n-th state wavefunction has four components with their phases Θ * n = θ n + ω n t, θ m + ω n t, θ m + ω m τ + ω n (t − τ ) and θ n + ω m τ + ω n (t − τ ). Please note Θ * m,n are random numbers because |m , |n energy eigenvalues ω m , ω n and their wavefunction thermal equilibrium starting phases θ m , θ n are random numbers: for the infinite-level-system at position x, ω m , ω n , θ m , θ n are different for different m, n level pairs in resonance wth ultrasonic frequency ω; on the other hand ω m , ω n , θ m , θ n are random functions of spacial coordinate x. What is more, recall the pulse decay rate τ −1 0 , resonance absorption spectrum is broadened from delta-function to lorentzian form 1/((ω m −ω n −ω) 2 + 2 /τ 2 0 ) so that (ω m −ω n ) has random deviation from ω of the order ± /τ 0 .
We consider several possibilities regarding phonon emission process: (1) a p-th state with phase Θ p = ω p t + θ p emits a phonon to relax back to state q with phase Θ q = ω q t + θ q (q = m, n; q < p), the emitting phonon phase is Θ p − Θ q ; (2) state p relaxes back to state m or n with phase Θ m or Θ n , where Θ m,n not necessarily equal to Θ * m,n , the emitting phonon phase is Θ p − Θ m,n ; (3) state m or n relaxes back to state q, the emitting phonon phase is Θ * m,n − Θ q ; (4) state m relaxes back to state n with phase Θ n not necessarily equal to Θ * n , the emitting phonon phase is Θ * m − Θ n . Still, the above quantities Θ p,q,m,n are random.
Together with the randomness of Θ * m,n we know all these four quantities Θ p − Θ q , Θ p − Θ m,n , Θ * m,n − Θ q and Θ * m − Θ n are random numbers, which means corresponding spontaneously emitting phonons are incoherent at arbitrary time before 2τ . Not only the relaxation time T 1 ∼ 2 × 10 −4 s is greater more than 2 orders of magnitude than any other times scales, so the spontaneous emission signal is negligible compared to input pulses, but also the phonon phase cancel each other to further weaken spontaneous signal.
However, at t = 2τ a strong coherent signal emerges. If one m-th state accidentally emits phonon and relaxes back to state n with phase Θ n = Θ * n , then the emitting phonon phase Θ * m − Θ * n has 9 possibilities:
. Although they are still random at any time τ + 5t 0 < t < 2τ , one of them turns out to be not random at t = 2τ :
One may also notice at t = 0 and τ , (ω m − ω n )t = 0 and (ω m − ω n )(t − τ ) = 0 are not random as well, however the wavefunction in Eq.(3.3) is written after the second pulse applied, i.e., t > τ +5t 0 , so the solutions t = 0, τ are fake; from Eq.(3.
2) we also demonstrate no coherent phonon generated during τ > t > 0. At t = 2τ phonons emitted from different level pairs m, n and different positions x have the identical phase Θ * m − Θ * n = 0, resulting in the direct summation over their amplitudes. In experiment at t = 2τ we observe a strong echo signal spontaneously generated by amorphous sample.
It seems echo phenomena has been explained within spontaneous emission process. However the fact that echo amplitude is comparable to input pulse leads to several questions: (1) state m can not only go back to state n, but also relax to other states q < m; (2) the choice of state n phase Θ n is arbitrary, only a small fraction of Θ n equals to Θ * n ; (3) thermal relaxation time T 1 is so huge that spontaneous emission is still negligible, regardless of phonon phase coherence. With these considerations we demonstrate instead of spontaneous emission process, echo signal comes from stimulated emission process which makes the amplitude comparable to input pulses. At t = 2τ , as long as one phonon emitted from m, n levels with frequency ω − τ The importance of pulse decay rate τ 0 is that it largely increases stimulated emission chance. The more phonons emitted, the more energy level pairs get stimulated. Eventually the entire set of level pairs emit phonons simultaneously all over the space. Echo signal amplitude is therefore comparable to input pulses.
From the above discussions we see why the energy level randomness over spacial coordinate x (s) ofĤ (s) 0 , and the energy level nonlinearity (energy levels are not equally spaced) play the central role in echo phenomena. Suppose we have a HamiltonianĤ
with nonlinearity but without randomness , and another Hamiltonian with randomness but without nonlinearity. First, the system without randomness has a set of infinite-level-systems with identical energy level structures. When the first pulse is plugged in all energy level pairs m, n in resonance with ultrasonic frequency ω are excited beyond thermal equilibrium, with the same frequencies ω m , ω n over space x (s) . Right after the first pulse as long as one phonon is spontaneously emitted, the entire m, n level pairs get stimulated instantly. No phonon energy stored in infinite-level-system and echo cannot be observed. Second, for a system without nonlinearity in level structure, i.e., the energy levels ofĤ
are equally spaced, if we plug in an ultrasonic pulse either the entire energy levels absorb phonons, or none of them can. Only a set of input frequencies with ω = nΩ can be absorbed, where Ω is the energy spacing of infinite-levelsystem and n is integer. The absorption spectrum width is so narrow (of order ± /τ 0 ) that experimentally it is almost unrealizable. Even if infinite-level-system successfully absorb phonons, phonon echo still canot exist since as long as one phonon is spontaneously emitted from a certain pair of levels, other level pairs will get stimulated simultaneously. Finally, it is obvious that echo effect does not exist in any system without randomness and nonlinearity.
IV. MICROSCOPIC EXPLAINATION FOR PHONON SATURATION
Phonon saturation is obvious for arbitrary finite-levelsystem because the energy levels are capped. In this section our purpose is to prove saturation in infinitelevel-system with increasing energy spacing. It is impossible to prove saturation effect with decreasing energy spacing, for example, Hydrogen atom with energy level E n = −13.6eV/n 2 can be ionized if the imcoming photon energy exceeds 13.6eV.
First of all, in classical nonlinear oscillator we can not find saturation phenomena. The simplest case is onedimensional Duffing oscillator, other kinds of unbounded nonlinear oscillator show the same behavior.
where γ > 0 is the quatic nonlinearity coefficient. In and that the initial conditions x(t = 0) =ẋ(t = 0) = 0; otherwise a chaotic behavior for x(t) rises again, but the amplitude behavior A ∼ F 1/3 still holds 28 . Second, we consider quantum infinite-level Hamiltonian H 0 with increasing enegy spacing (E n+1 − E n ) > (E n − E n−1 ) for n = 1, 2, 3, ...∞. Suppose the input phonon is monochromatic with the frequency ω exactly matches a certain pair of levels E m − E n = ω. The n, m-th levels get highly resonant with the increase of phonon amplitude, eventually their populations are equally distributed by phonon emission absorption process: |a n | 2 = |a m | 2 = 1/2, while any other eigenstate wavefunction are supressed to 0 because the total wavefunction is normalized i |a i | 2 = 1. There might be more than one level pair in resonance with ω, however since the level spacing E n+1 − E n is monotonically increasing, for an arbitrary input frequency ω, we can always find a quantum number N , such that E N +1 − E N > ω. Only finite level pairs n, m < N could in resonance with ω, while other levels' wavefunction are supressed to 0 if external phonon amplitude increases to infinity. In experiment ultrasonic phonon frequency usually has a narrow bandwidth ω ± ∆ω. We can still find a quantum number N , such that E N +1 − E N > (ω + ∆ω) and a similar analysis will be carried out. The above argument also applies to quantum 1-D Duffing oscillator:
It seems classical and quantum Duffing oscillators contradict to each other, however, we should note in classical problem is set to be 0. By estimating eigenvalues for a more general nonlinear quantum Hamiltonian we get the quantum number dependence roughly as follows,
where n 0 is an integer, γ is the positive coefficient for
is the critical quantum number when nonlinear porential γx n0 starts to be significant. For the special case n 0 = 4 we get quantum Duffing oscillator. If we require that for arbitrary input frequency ω, we can find quantum number N such that the N -th energy spacing is greater than ω, we have
In quantum nonlinear oscillator the critical quantum number N is finite; in classical nonlinear oscillator we set → 0, one can never find a finite quantum number N , so that E N +1 − E N > ω. There are infinite pairs of levels in resonance with external phonons, the energy is unbound for quasi classical nonlinear oscillator. We conclude that saturation is an effect from quantum physics.
V. CONCLUSION
In this paper we generalize TTLS to infinite-levelsystem without specifying any assumption other than randomness and increasing nonlinearity. By expanding amorphous solid Hamiltonian in orders of strain field e ij in long wavelength limit, the zero-th orderĤ (s) 0 is infinite-level-system; the first order e ijTij is the generalization of TTLS-phonon coupling.
Phonon echo can be proved in infinite-level-system with randomness and nonlinearity. After two coherent pulses being applied the energy levels carry their phases. Before t < 2τ these energy levels' phases are incoherent because of randomness over space and nonlinearity over energy level quantum number. At t = 2τ they become coherent again and emit phonons simultaneously, because as long as one of the level pairs m, n spontaneously emit phonons with phase (ω m − ω n )(t − 2τ )| t=2τ = 0, other level pairs stimulatedly emit phonons with identical frequency ω and phase 0. Hence for an infinite-level-system without randomness over space x we cannot find phonon echo effect, because level pairs carrying phase memory are always coherent for t > 5t 0 . They stimulatedly emitting phonons right after each pulse is applied. An infinitelevel-system without nonlinearity cannot show phonon echo as well, because there are infinite pairs of levels in resonance with external pulse. These pairs trigger each other and simultaneously emit phonons.
The realization of phonon echo does not require infinite-level-system to have increasing nonlinearity while saturation phenomena does. With the increase of external field, infinite-level-system can not get saturated if the level spacing is equal or decreasing. However one can not prove saturation effect in a classical system, for the fact that → 0 in classical limit. A detailed discussion was carried out by classical 1-D Duffing oscillator in which the trajectory of displacement is chaotic and the amplitude increases like ∼ F 1/3 with the increase of driving force F . Increasingly nonlinear quantum oscillator displays saturation for the reason that for arbitrary input frequency ω one can always find a finite quantum number N so that the energy spacing E N +1 − E n > ω. Below N a finite number of level pairs resonantly absorb energy so the system entire energy gets capped.
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